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1 | INTRODUCTION

We are interested in studying the problems on random micro heterogeneous media (the rough boundary) via a realization
of a statistically homogeneous (spatial) process. We consider a heat equation on a noncylindrical oscillating boundary
domain with a random oscillating boundary, which will be described later. Our aim is to study the existence, uniqueness,
and homogenization of the following equation:

Ze (%, X, 1, 0) = Alte®,Xn, 1, 0) = f(&%0,0) in QL

e M (R, D), 1, 0) = 2%, t,0) on X,
u,(x,0,t,w) = 0 on Iy % (0,T), (1.1)
u,(%,xp,0,w) = h(X,x,) in QO
X u (X, xp, 1) is (0,1)*-periodic.

A similar problem was studied in Muthukumar et al,! where it was assumed that the microstructure on the evolving
boundary is periodic, but here, we consider random microstructure. However, the effective problem depends on the cell
problem in random space, but here, we choose some particular test functions to overcome the dependence of random
space on the homogenization process.

Many mathematical models represented by PDEs on time-dependent domains (noncylindrical domains) are important
in real-life applications. Artificial hearts and automobile engines are examples of devices that work with a fluid. Recently,
many researchers give attention to the problems on noncylindrical domains with more general data and equations. The
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lack of uniform bound in a fixed function space for the homogenization problems on the noncylindrical domain is solved
by transforming the problem on the reference domain.

Recently, many mathematical methods have been devoted to study the homogenization of PDEs with microstructures
due to the applications in material sciences and engineering, fluid flow over channels with rough boundaries, and so on.
The engineer's strategy to avoid an expensive numerical computation of the solutions of the problem with microstructures
is to find the effective boundary condition for the effective (homogenized) problem on a nice domain with the absence of
microstructure. These observations lead engineers to imitate this effect in practical applications such as geophysical fluid
dynamics,? drag reduction in aviation and biological structures,®= fluid-structure interaction problems, and many more
scientific fields. The periodic homogenization of linear problems is a well-understood subject (cf. previous studies®1? and
reference therein). Significant works are carried out for the homogenization of problems on highly oscillating boundaries;
we refer to the reader (cf. other works!'!~19),

The work in Achdou et al?® deals with the homogenization of steady-state incompressible Navier-Stokes equation
(Laminar flow) in a domain with the periodic oscillating boundary of order O(¢) amplitude. The elliptic equation with
highly oscillating coefficients in an oscillating boundary domain of small amplitude oscillations considered in Allaire
and Amar.?! They used the boundary layer techniques to derive the effective problem and the order of convergence. The
Navier-Stokes system on a cylindrical domain with an oscillating boundary of amplitude O(e) was studied in Bucur et al.'®

There are many results on the boundary value problems on oscillating domains with a fixed amplitude, that is, the
amplitude of O(1). Brizzi and Chalot?? studied the homogenization of the Laplace equation with homogeneous Neumann
boundary conditions in domains with the periodic oscillating boundary of fixed amplitude. The inhomogeneous Neu-
mann boundary condition was considered in Gaudiello.?? For further works on homogenization of similar problems, we
refer to Amirat et al. and Gaudiello and Guibé.'>?* The asymptotic analysis of optimal control problems was considered
in other works.?>2” In Aiyappan et al,!? the generalized unfolding method is used to derive the homogenization problem
on oscillating circular boundary domain with amplitude of O(1).

We refer the reader to the monograph?® for an excellent introduction to random homogenization problems and their
applications. The classical approach to proving the homogenization result for the second-order elliptic equation with ran-
dom coefficients consists of solving the auxiliary problem on random space and then identify the effective coefficients. The
first homogenization result in the stationary ergodic random elliptic and parabolic operators was obtained in the pioneer-
ing works.?>3° An extensive literature has been developed later on to obtain a rigorous derivation for the homogenization
of stochastic models (cf. previous works3!-3¢). In Bourgeat et al.,3” two-scale convergence in the mean was introduced to
study the random problems. They used the ergodic theory techniques to obtain the homogenized problem. For further
works on stochastic two-scale convergence, we refer to the previous articles.3®3 For the homogenization of the parabolic
problems with periodic coefficients in space variable and stationary random in time variable, we refer to other studies**-4?
and reference therein.

The random boundary homogenization was studied in Amirat et al'3 for the Laplace equation with the Fourier bound-
ary condition, and the random oscillating boundary is given by the random perturbation of a fixed hyper-surface. We also
mention Chechkin et al.'s paper,** where the boundary oscillations have both periodic and random structures and inho-
mogeneous Fourier boundary condition taken into account for the Poisson equation. Peter* studied the homogenization
of a coupled parabolic equations in a domain (which contains evolving two-phase medium) by transformation into fixed
periodic domain (reference domain). The interfacial exchange between reaction and diffusion problems with homoge-
neous Neumann boundary conditions is described in the micro problem. In last few years, many authors have studied the
homogenization problems in domains with evolving interface (cf. other works*~>! and the references therein).

Motivated by the Muthukumar et al.'s work,! the aim of this article is to present the homogenization procedure of the
problem (1.1). However, the combination of the oscillating boundary and its complex geometry, our problem leads to
additional mathematical difficulties to deal with. To our knowledge, there are no results on the homogenization of the
problems on randomly evolving domains. Considering the random evolving oscillating boundary is itself the novelty of
the present work. On the other hand, we also obtained the effective problem without solving the auxiliary problem in
random space. Another important fact for the numerical approximation is that this approach unified the small oscillating
boundary problems (even time-independent) into the oscillating coefficient problems.

The article is organized as follows. In Section 2, the problem descriptions are presented. We recall the preliminaries of
random structures in Section 3. In Section 4, we discuss the existence and uniqueness with a uniform estimate of solutions
to the problems in the reference domain. Further, we obtain the convergence of data. The various convergence of solutions
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and the effective problem on the reference domain are established in Section 5. The energy convergence of problems and
the corrector results in the appropriate norms (strong convergence) are shown in Section 6.

2 | PROBLEM DESCRIPTION

To describe random microstructure, let (O, £, P) be a probability space with an ergodic n — 1 dynamical system 73, X €
R"! (q.v Definition 3.1). Let LP(O, €,P), 1 < p < oo be the space of equivalence classes of P-measurable functions and
P-integrable with exponent p. Let L*(©) be the space of P-a.s essentially bounded functions. For simplicity, we write
LP(0O) instead of LP(O, £, P) in the rest of the article. Let us assume that £ is countably generated, so that the spaces LP(©)
with p €[1, o0) are separable. We refer the reader to the next section for more about randomness. Let ,1; : O X [0, T] —
R be random functions such that 3/2 < 7 < 2and -1 < n; < 0. Let us define n,;; : O x R*1 x [0,T] —» R by

n(w,x,t) = nzo,t), m(w, $,t) = n(ry0,t). For each o € O, the functions #,,m., : R"! X [0,T] — R defined by
Mo, 1) 1= n(w,%, 1), mo@t) := m(w,$,t). For each o € O, the functions #, and #; , are realizations of 5 and #,,
respectively.

Assume that 0 < e <1 with e = Iiv N € Nis a small parameter so that £ — 0. Now, let us scale #; with parameter £ by

~

MaweX 1) =m <CO, l—c, f) =N (7:0,0). (2.1)
The oscillating random variable 7, . is defined by

’7(9,6(27 t) = ’1&)(52:7 t) + Enl,w,e(fca t) (22)

where the last term in the right hand side represents the random oscillations of the boundary. As an example, we con-
sider simplest case of a “black-gray” checkerboard where the tiles can be only one of two possibilities. Consider the
corresponding discrete sample space @ = {black,gray}, and define the measure ji on the measurable space (O, 20) as
ji(black) = p, ji(gray) = 1 — p with p €(0, 1). The function 7, 3t : T X [0, T] — R for each @ € O is defined as

. m@,t) if @ = black
ma(P =9 _ " o
(.t if &= gray,

where 7; : [0,1] X [0, T] — [—1,0] i = 1,2 be a smooth function such that 7;(0, t) = #;(1, ¢) for all t € [0, T], and extended
periodically to R. For this case, the probability space (O, £, P) defined by O : = Ox T, E = £ ® B(T),P = u® L, where L
is the Lebesgue measure and the space (@, é'\, u) = I17(0, 20, i) endowed with the product measure y = ®zi. It remains
to define measure preserving dynamical system on the constructed probability space. For this aim, we make use of the
product space and corresponding dynamical systems. Let us denote the element & of O by the sequence & = {cbj }jEZ'
Define the discrete dynamical system 7 = {%k 10— @}kez by (@) 1= & ({@, }jEZ) = {d)j+k}jeZ' For each y € R, we
have a unique decomposition y = |§| + (J — | §]), where || € Z is the greatest integer less or equal to yand y— |§]| € T.
Next, we define the standard dynamical system x = {K‘f,}ﬁeR on T by kyer(v) = § + v — [+ v]. It is well-known that

the dynamical systems 7 and x are measure preserving ergodic dynamical systems on Oand T, respectively. Finally, we
define the dynamical system 7 = {T};}}AER on O by

73(@) = 75(D,V) = (£30) (@), K50)) , @ € O, vET.

One can easily verify that = defines the dynamical system on O x T. It is also known that the above dynamical system
7 is ergodic. Now, we define the random variable , : O x [0, T] - R by n;(@,1) := 5,0, 1) forw = ({@;}.v) € O.
Consequently, n,(zyw, ) =, (§+v—|§+v], ). Similarly, one can define 5 on the probability space O. For simplicity,
we may take 7 to be deterministic function (for example the deterministic function = 6 + ’5‘ sin(27%)). A typical example
of this situation is given by two different periodic functions (upto translation and scaling) continuously glued together
(q.v. Figure 1),
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FIGURE 1 Slice of the

evolving domain with oscillating ’V\\
boundary at time ¢
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1Lw\)> - N —1— y ) . ~
(9,0 1= ===y (r)  if @ =gray,

where y : [0, T] = R is smooth function and y(t) > 1 for all t € [0, T].

The o-algebras £and B(T) are countably generated, and therefore, the corresponding space LP(©) is separable. In most
of the modeling of the natural phenomenon, the o-field on probability space @ is countably generated. We assumed the
countably generated o-field to avoid working with typical elements and typical trajectory for Birkhoff Ergodic Theorem.

For an another example, let @ = T? the 2-dimensional torus, the Lebesgue measurable sets as the o-algebra £, and
the probability measure P be the Lebesgue measure on T?. To define the dynamical system 75, let us fix an (2 X 2)-matrix
A= (Ai j). The dynamical system we define in the following way:

50 =+ Ay (mod 1).

Obviously, the dynamical system = = {T}”;}yeRz preserves the measure P on O. It is known that the dynamical system 7 is
ergodic if and only if Ayk; # 0 for any k € Z?, k # 0. Since any measurable functions 5, on O can be identified with unique
measurable 1-periodic function on R?, the realizations have the form #,(w + A$). Let 1, be a continuous function on ©
then the corresponding realizations are called quasi-periodic functions. Again, let us take constant function n = 3/2, and
the diagonal matrix A = diag(1, \/E). Let us choose the random function #; (@1, @, t) := (1 + t)w,
hence, the corresponding realizations are given by

and

sin(2z(w; + $1)) — cosr(w, + V/2§2)) - 2
; .

n(w+Ap, 1) =1 +1)
For each fixed € €(0,1) and t € [0, T), let QL be defined by
QL i={R&x) €ERXET",0<xy < e, D)}
and the random oscillating part of the boundary of QL is defined by
ILi={R M & 0D eR xe T},

Since we have taken the % from the (n — 1) dimensional torus T"~!, which is equivalent to considering the Y :=
(0, 1)"!-periodicity condition on the lateral boundaries of QL. The lower part of the boundary of Q! (q.v. Figure 1) is



NANDAKUMARAN AND SANKAR WI L EY 5

denoted by
Io :={(&0) eR"|2 € (O, "}.
Let QT := Uico.nQL X {t} be a noncylindrical (time-dependent) domain with an oscillating random boundary X! :=
Ureo.ryl e X {t}.
Let {€} € (0,1) be a given sequence of real numbers converging to zero such that 1/e € N. We make the following
additional hypotheses on both 7 and no:

(H1) 0,1, 0wy € L®(O x (0, T))* ! and ‘j)—’] % € L®(O x (0, T)),

where L®(O x (0, T)) is the space of essentially bounded function with respect to the product o-algebra of £ and the

Lebesgue measurable sets of (0, T).
Foreach0<t<T,]let

Q= {(ﬁ, X)) €ER"|Z €T, 0<x, < max 10X, 1) + m1.0(, t)]}
&.9,0)eTr-1xTr-1x©
be the domain with a non-oscillating boundary and containing Q! for all €. Further, let o7 := UIE(O’T)Q, X {t} be the

larger noncylindrical space-time domain containing Q7 for all €. Given f € L2(Q”) and h € L*(Q), we wish to study the
existence, uniqueness and homogenization of (1.1).

3 | PRELIMINARIES OF RANDOM STRUCTURES

Definition 3.1. The family of bijective measurable maps r = {7z : @ - O};cgrn is called a n — 1 dynamical system
on O if

(a) 70 = Id, and T4k, = T8O T%,» X,% € Rn_l;

(b) P(z(E)) = P(E) Ve R, Eeé&;

(c) Themap7 : R"1x0O — O, (%, w) — 13(w) is measurable with respect to product ¢ algebra, where R"~! equipped
with the Borel o-algebra.

Definition 3.2.
(i) A measurable function ¢(w) in @ is said to be 7 invariant if ¢(zz(w)) = ¢(w) for any X € R" ! and almost all v € O.
(i) The dynamical system r is called ergodic if

PE)=0or 1 VE c Owith E=EVx e R

Equivalently, in terms of invariant functions, a dynamical system t is ergodic if every r-invariant function is
constant almost everywhere, that is,
g (13(w)) = g(w) for all X and almost all w implies that g = constant P-a.s.

(iii) A random variable v : R"! x @ — R is said to be statistically homogeneous if there exists a random variable
P : @ - R such that v(x, ®) = ¥(7zw), where 73 is a n — 1 dynamical system.

(iv) Forany ¢ € L! (R?) with d € N, the mean value (spatial average) of ¢ denoted by M, and is defined as

loc

My =l fo(5) o

for all bounded Lebesgue measurable sets B C R
(v) The mathematical expectation associated to the probability space (O, £, P) is denoted by E and is defined by

E(g):/gd]P for g e LY(0).
O

The following result holds true, and we refer to Jikov et a.2% 5¢ction 7.1 for the proof:
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Lemma 3.1. Let (O, €, P) be a probability space, and let T = {73 }3crn be a (n — 1)-dynamical system on O.

(a) Letg e LP(O) forp > 1, then almost all w € O the realizations g(z)w) belong to Lfoc (R"=1).
(b) Let (g}, C LP(O) and g € LP(O) such that g, — g in LP(O) as k — oo. Then there exists a subsequence {kj }:11 of
{k} such that almost all w € O

}HE) ”ng (T(yw) — g(r(yw) 2 (R =

Using the natural action on L2(©9), we define (n — 1)-parameter group of operators U5 : L2(Q) — L*(OQ) by Uig = go ;.
Thanks to the conditions of the Definition 3.1, the action is unitary for each * € R"~! and are strongly continuous for
all x € R", that is, limg_o||Vig — gll 20y = 0 for all g € L*(O). We next define the infinitesimal generators d,,, j =
1,2, ... ,n— 1associated with the unitary group Uk., by

_ g(zx,) — 8()
o) = Jim 257 2 in 120
jxk=0.lg#/

Xj
Foreach1 < j < n—1, D;(O) denotes the domain of the operator o/ . Consequently, the operators ¢/, are skew-symmetric,
that is,
/gla({,ngP = —/gaé,gl dP, forall g g € D;(O).
o o

In particular, foa({,gdﬂ” =0,j=1,...,n—1.Now, we define W2(O9) by the domain of the operator V,, := (0,}, ,62,‘1),
that is,
W'2(0) 1= DyO)N ... NDp1(O) = {g € LXO) : dg € LX), 1<j<n—1},

with the natural graph norm. Further, for almost all w, we have

%(}2, ®) = & g(r:0) and Viv(E, @) = V,8(1:0),
j

where v(X, ) := g(rzw) is the realization of g. For each k € N, we can define
Wh2(O0) = {ge LXO) : (a5)" ... (0')"g € LXO), ar + ... +an1 =k}.
Let us also define the spaces W*(Q)= (), W**(O) and
C*(0) = {g € W™O) : Y(a, ... ,ay) €NJ, (35)" ... (0)"g € L®(O)}.

We remark here that C*(0) is the stochastic analog of the smooth functions. Moreover, it can be shown that the space
C®(0O)is dense in LP(O) and in W'P(O), 1 < p < oo. For the above terminology, we refer to the monographs.?®>2 The next
result (Birkhoff theorem) is an important result in ergodic theory,?® Theorem 7.2 g d it plays a pivotal role in homogenization
of random PDEs.

Theorem 3.1 (Birkhoff Ergodic Theorem). Let (O, £,P) be a probability space, and let T = {73}3cgn be a (n —
1)-dynamical system on O. For each ¢ € LP(O) with p > 1, let (X, w) = @(r:w) for all e > 0. Then

(i) the realization (X, w) satisfies
@i, ) = My(w) in Lfoc(]R"‘l), as € - 0,

for almost all w € O.
(ii)) M, is a T-invariant function, that is, M, (73(®)) = M, (@) for allx € R", P-a.s.
Also,

E(p) := /(p(a))dIF” = /M¢(w)dIP’ = [E(M,).
o o
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(iii) In addition, suppose the dynamical system t is ergodic, we have
o, w) = / P(w)dP in L} (R"™), as & -0,
o

foralmostall w € O.

We remark that the Birkhoff's theorem yields the mean value M,, is constant almost everywhere and is given by M, =
E(¢) whenever the dynamical system = is ergodic. For each 1 < i < n — 1, the hypothesis (H1) and Theorem 3.1(i) yields

oM {5 9
n, (J—‘,r —\Mm(w,t)=/ I 5w, t)dp =0, (3.1)
dyi \ € o Tn-1 0Yi

where the last equality follows from the integration by parts.

4 | EXISTENCE AND UNIQUENESS RESULT

In this section, we will use a coordinate transformation for u, to obtain existence and uniqueness and hence uniform
bounds of solutions in appropriate function spaces. This approach has been discussed in Muthukumar et al® for the
deterministic heat equation and the effective coefficients in the reference domain using the two-scale convergence with
appropriate modifications. To this end, let us introduce the coordinate transformation 7,, : R" x [0,T) - R" x [0, T)
defined by T, (X,2,t) = (X, 20X, 1), t). A consequence of hypothesis (H1), the transformation 7, is a Lipschitz dif-
feomorphism. From the definition of 7., we have 7,,.(Q") = QI where Q" = Q x (0, T) is so called reference domain
with
Q=T"1%(0,1), I, =T"!x {0}, and I'; = T" ! x {1}.

From now on, we denote by x := (X, z) the variable of the domain (time independent) Q and the points in variable domain
(time dependent) Q! is denoted by (&, x,,). We now define the functions U, f, : QT — Rand h, : Q — R corresponding
to u,, f, and h in the reference configuration, respectively, by

U&(jz:’ Za t) = uE oTw,E(-)%s z? t)7 f&(jz:’ Za t) = foﬂu,é()%’ Z7 t)and h«?()?:?z) = ho?’a),&(je’ Zv 0)

In order to find the equation satisfied by U, in the reference domain, it is necessary to find the differential of 7,;}. The
differential of 7,;} is denoted by D7} and is given by the square matrix

I 0(n-1)x1 O(n—al)xl
1,4 __ % T & 1 X Noe (2,
DTod G, ) = | T3 o Vel D) oGs — G o %20 :
015n-1) 0 1

(n+1)x(n+1)
where I,,_; is the (n — 1) size identity matrix, and 0,_1)x; is the (n — 1)-tuple zero (column) vector. A consequence of
hypothesis (H1) and the uniform bound of ’15,’2’ for k = 1, 2, is that the entries in DTQ,"(C_1 belong to L>(QT). Using the chain
rule for composition of functions, the first derivatives of u, in terms of U, is given by

Due (R, %n, t) = D(Ue 0 Ty )&, X, 1) = DU, 0 T L (R, X, ) DT 52 (R, X, 1).
Hence, in the reference domain variables (X, z, t),

(Due) 070 e (X, 2,1) = DU (DT, 0 70, (R, 2, 1).

Let us introduce the matrix M, : QT — R™" defined by

M,. (3.2t o) < I O(n—11)x1 > @1)
w0eX,Z, [,w) = __z R I tr 1 5 .
T (Vi e(X, 1) @D/ e
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where the superscript ¢r denotes the transpose matrix. Under the coordinate transformation 7, ., the operators V and div
transform as

(Vv)oT,. =M, VvoT,,) and div(w)oT,, =M V- -WoT,,),
respectively, where v : QL — R and v is the n-component of such functions. By a straightforward calculations, we get the
identity M .V - ® = n;Ldiv (#0,: My, ®) for all ® € H}(€)". Thus, Equation (1.1) in the new variable (%,z) € &, in terms
of U,, can be written as

ou, . o, oU, .
= isdlv(AEVUE)— i';—ta—z =f. in QT,
0
U. = == on I x(0.7), (4.2)
U, =0 on Ihx(0,7),
U, =h, in Q,
Noeln-1 —2(Vilp e (X, 1))

N 1427 | Villy, | >
—2(Villoe &, )T ———=—

Since the existence and uniqueness of solution depends on the regularity of the data, we assume that the realizations

where A 1= ﬂw,eMw,sMZ,s = (

w,e

as boundary data satisfy a[)i;", a”a—lt €H i(’]l“”‘1 X (0, T)). For the homogenization, it is enough to consider homogeneous
boundary condition on I'; X (0, T) due to the lifting of parabolic boundary data (cf. Muthukumar et al.!). We rewrite (4.2)
in the following form with homogeneous boundary condition:

. o, oU, .
nw,e% - le(AeVUe) -z Zt» Boli = nw,efs 1n QT,
U =0 on (TouTy) % (0,7), (4.3)

U:(X,2,0) = h, in Q.

In the rest of the article, we consider the above equation. Indeed, the entries of A, are realization of random variable
and time-dependent. Due to our hypothesis (H1) and the fact that {11;,15 } is uniformly bounded in @ x T"~! x [0, T)), there
exist f > 0 (independent of ¢, , x, t) such that, for all £ € R", a.s

|A(x, t,w)E| < B|E| a.e.

The problem to be well-posed, we have to get uniform ellipticity of A,. This issue has been addressed in the recent article?
for the deterministic case with a slightly different matrix, namely deterministic matrix ”iAg. For the completeness, here,

we show that A, is uniformly elliptic with the assumption that 5 and #, satisfy (H1). For any symmetric matrix A =
( 1’;, lé ) with invertible matrix A, we have the following property: A is positive definite if and only if A is positive definite,

and its Schur complement C — B A~' B is positive definite. Since the matrix A, is symmetric, we can use a characterization
of symmetric positive definite matrices with Schur complements. Using the Schur complement of #, I,,—; in A, and the
Aitken block-diagonalization formula for A,, we get A, = N”P.N,, where

I - £ Villw,e ) < I iVfc"]ws ) ( Noeln-1 Om-1)x1 >
N = Noe ’ , N_1 = Hee : and P = 1 .
‘ < 01x(n-1) 1 ¢ 015(n-1) € 01x(n-1) -

Observe that P.& - & > %lé |2 for all ¢ € R", and hence, P, is uniformly elliptic. An immediate consequence of

hypothesis (H1) is that the norm [[NJ1|2 = n + < |Veneel? < n + 4||V;c11w,g||im(Qr) < ap, where ap = n +

8 [llawnllim@x(w)) + ||()wn1||]2dw(@x(”))n,l] is independent of ¢, t, . Therefore,

1 1 1
AR,z t,w)-E=NIPN.E-E=P.N.E-NE> Z|NE|? > ———— | &2 > — | £]2,
( )é - & =N, ¢-¢ & N& 2I ¢l 2IIN;1II2|§| 2%I«:I

and hence, the existence of a elliptic constant @ > 0 for A, is guaranteed with @ = 1/2a,. So, we have shown that A, is
uniformly elliptic with deterministic elliptic constant a. Let H}(€) be the subspace in H'(Q) of functions vanishing on

I'ouTl'y, and H-Y(Q) is the dual of Hé(Q). We denote by () -, the duality pairing between H~1(Q) and Hé(Q). Henceforth,
x denotes the variable x = (%, z) and for any function ¢, we denote (V)" = Vs, 0)".
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We define the solution space W by

W {v € L*0,T; Hy(Q)) : — € L*(0, T; H™ 1(9))}

d

Definition 4.1. A random process U, with values in W is called a weak solution of (4.3) if, for almost all w € O, it
satisfies the following integral identity:

(a) foreach ¢ € Hy(Q),

a w,E
(dg ,nwe(p>+/A VU, - Vodx — / L aai codx=/nw,gfecodx P-as,
Q

(b) Uc(-,0) = hs() in LZ(Q)-
The following result ensures the existence and uniqueness of the problem (4.3).

Theorem 4.1. Let 1, i satisfies the hypothesis (H1) and t be an (n — 1) dimensional ergodic dynamical system on O.
Then, for almost all w € O, there exists a unique weak solution U, of (4.3) in the sense of Definition 4.1. Furthermore,
almost surely for all € > 0 the following uniform estimates hold:

NUell 0,122 + N Uellw < C {”fEHLZ(QT) + ||he||L2(g)} ) (4.4)

for some constant C > 0 (independent of € and w), and hence,

ENU. =220 + ENUllw < V2C {17 iz + 1l 2o } (4.5)

for a constant C > 0 (independent of ¢).

Sketch of Proof. For the readers convenience, we provide a short sketch of the proof (specially the uniform estimate
4.4) to the above theorem. In particular, using ¢ = U, as a test function in Definition 4.1(a), we get

du, OMNw,e OU,
_ U Y+ [ A VU, - VU, dx —
( dt Nw,e ) '/Q £ 3 € [2 of oz

Thanks to the hypothesis (H1), the following identity holds:

dU, 0%5
/|U|nm -2< e > /|U|2

’70) £er dx P'a-&

Using this identity, we have

Me U, P
/|U| nwgdx+/A VU, - VU, dx — / Heoe gUde—1/|UE|2 ”“”fdx=/nwengde.
2dt 7ot oz 2/, ot e

To get a priory estimates, note that from the uniform ellipticity of A., we have the following inequality:

Mee OU
/|U<t>| e A+ 2l VU, _/ﬂweler | dox o+ [| 22 ||Lm(or>/| ol dx

||L°°(QT)/ | U |*dx.

2dt
n(DE

+ ]
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For any 6 > 0, we know that ab < Zi(sa2 + gbz. Choosing a = é |Ue|, b= \/§|%| we obtain

[t
o

. Using the facts = < Npe < 2and ”

L

—IUI dx
26

oU,
—| dx+
z)z‘

—’dx+—/|U|dx

T < C* along with the above

Le(QT)

ik

LetC* := |5
. . L*(Ox(0,T))
inequality, we get

L (OX(O,T))

1d
2dt

oU,

2
dx
azl

& 100 e+ VUL g <2010 l@lV. Ol +C5 [ |
Q
+ & |U|*dx + C* [ |Ue|*dx
46 Jo Q
< 2Coull feOll@ IV Ue Ol 2@y + C*SIVUDIF, g,
+2C*l+—/|U| Ne.e AX

where Cgq , is Poincaré constant. Again using Young's inequality with the chosen 6 >0, for the choice a =
V2Coull fe Ol and b = V2| VU0llzay. we get

C2
e / | UeO) PN b+ @ VU0 =2 1Oy + 8 IVU Dl + €S NVUDI

+ y/lUslzrlw,edx
Q

2

Ol 2 + 6 max(L, C*) VU7 g
+y [ 0P
Q

where y := 2C* (1 + %) We must find 6 > 0 such that 6 max (1, C*) < a/2. It is easy to see that the inequality is

valid for the choice § = ———
2 max(1,C*)

. Hence, we obtain

2

C
1d / 2
| Uet|* e dx + = ||VU 1200 < —— IO, }’/erl Naoe AX
2dt L2(Q) L2(Q) o
Equivalently,
1 d 2t 2t eCh,
31 [ 1001 + SN, ) € — 2RO g

Integrating the above inequality over (0, s) for s € (0, T), using the initial condition U.(:,0) = h,, we obtain

—2ys

e’ 2 a o2t ve ZthZ
|Ue(8)| N, dx + = IU: ”Hl Q) dr < ”ff(t)”Lz(Q) dt+ |h | N, (0) dx.
2 Jo 2/ ( 0 )
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Taking supremum over s € (0, T) on both sides, we get

T
1 2 ae” T 2 1 2 a —2ys 2
EHUSHL‘”(O,T;U(Q)) + 2 ”UEHLZ(O,T;Hé(.Q)) SE”UE”L‘”(O,T;LZ(Q)) + E 0 e ”UEHH(%(Q) dS

e v

N

<2 [N+
0

where we have used the fact that e=%¢ is strictly decreasing on [0.T] for the chosen constant y > 0. Note that the
constants 6 >0,y > 0, and Cq , are independent of both £ >0 and @ € O. Therefore, there exists a constant C>0
(depends on a, 8, y and Poincaré constant C, ,) such that U, satisfies the estimate (4.4). Recall that the noncylindrical
domain Q7 is independent w € @ and QT c Q, and hence,

L |/ Goxa 1) | did, dt

el = [ 10 Ptz = |

T Hw,e
€

< 2/ | &, Xp, )| 2dXdx, dt = 2 ||f||z2(ér).
QT

Since Q2 ¢ Q°, similar arguments in appropriate spaces yield ||k, || 2@ < \/5 121l 1260, Using these estimates in (4.4),
we get

NUellL=0,;120) + IUellw < \/EC{“f”Lz(QT) + 1Al 2oy -

The above bound holds uniformly in € > 0 and almost all w € ©. Now, taking the expectation on both sides, we obtain
the desired estimate (4.5).

The existence of solution follows from the standard Galerkin method for a parabolic PDE. Following the lines of
the above estimates, we can obtain the estimates in appropriate spaces for approximate solutions.

The convergence of the data is needed to prove the homogenization result and presented in the following two lemmas.
Lemma 4.1. For k € Z, the following statements are true: for almost all o € O

(i) nk,. converges to nf in the uniform topology of Cp(T"! X (0, T));
(it) Ifve — v strongly (resp. weakly) in L?(QY), then v.n’,, — vnk strongly (resp. weakly) in L?(Q7).

The proof of the above lemma is a simple consequence of hypothesis (H1) and is stated here only for completeness sake.
Using the coordinate transformation corresponding to 7, and the convergence obtained in the above lemma, we show
the convergences of the data f, and h, in the following lemma. The proof of the next result is exactly as in Muthukumar
et al,! except that we consider the random coordinate transformation here. For the completeness, we provide the proof.

Lemma 4.2. Let 7, : R"x[0,T) — R" x[0,T) be defined by T, (X,z,t) = (X,21,(X, 1), t). Define the functions f, :
QT > Randh, : Q > Rby

&, z,0) i= foT, X,z,t) and h, :=hoT, (X,z,0).

Then for almost all w € O,

() f. = f, strongly in L?(QY);
(ii) he — h,, strongly in L2(Q).

Proof.

(i) Recall that f/ € L3(QT). By the density of C(QT) in L%(Q7), for any & >0, there exists a ¢ € C(QT) such that
f = dll2or) < g For each € O, we define ¢, ¢, : QT - Rby ¢ (%, 2,t) := poT, (.2 1) and ¢, },2,1) 1=
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¢po 7:1(” (X,z,1t). Then,

12 = delliagn = / If(fc,an,e,t)—¢(fc,znw,g,t)lzd2dzdt>
QT

1

/ 1 If(fc’xn, t) - d)(f(:’xn’ t)|2d5Cdxndt)
Q

Z Nw.e

1
2

Il
WIS /N N

S / 1 |f(52:9xn,t)_(b(i”xn,t)lzdkdxndt)
QT r]w,s

<21 :
Neose Lo (=10, 7))

1
& 2

3 ! . Now, by the continuity of ¢, for our

E Le(Tr-1x(0,T))

chosen 6 >0, there exists a 75> 0 such that |pX, 20w (X, 1), 1) — ¢X, 20,(X, 1), 1) < g whenever |z7q.(X,t) —
ZMeX, t)| < 75. By the uniform convergence of zz, . to 27, in QX (0, T) (q.v. Lemma 4.1i), there existsa N € N
such that |z#,.(X, t) — 27,(X, t)| < 75, for all € < 1/N. Thus, for all € < 1/N,

Arguing similarly, we also obtain ||¢, — f| ron <

w3

[P, 20 (X, 1), 1) — (X, 210X, 1), )| <
Hence, for all € < 1/N, we have

i X LN 15
lpe = &, ll2or) = </ | PR, Zhare > £) — PX, 20, t)|2dxdzdt> <1Q"|2=.
QT

w

Therefore, for any given 6 > 0, there exists N € N such that, for all e < 1/N,

||f5 - fn”LZ(QT) < ”fs - d)elle(QT) + ”d’e - ¢'7w||L2(QT) + ”d)nw - fl’]”LZ(QT)

: .
<max s | Q | 2 16.
Lo (Tr-1x(0,T))

Thus, we have the desired strong convergence of f; to f,,.
(ii) Usingarguments similar to (i) above in the appropriate function space we prove that, for any arbitrary § > 0, there
exists N € N such that, for all e < 1%7

2

1

N

na),s L (’]I‘n—l x(0,T))

2

1
(0)

(|7 = hn”LZ(Q)) < max(

1
1 2 1
— , Q12 6.
Nw,£(0) Lo(Tn-1) Leo(Tn-1)

Thus, we obtain the desired strong convergence of h, — h,, in L>(Q).

5 | HOMOGENIZATION
In this section, we study the homogenization (4.3). To this end, we have to list down the convergence of the solution U,
of (4.3) in various function spaces and then those converges, we derive the effective equation.

Theorem 5.1. Let n and n, satisfy (H1). If, for each € > 0, U, is the weak solution of (4.3), then for almost all v € O,
there exist Uy € W such that

(a) U, — Uyweaklyin W.
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(b) U, = Uy weak-*in L=(0, T; L*(Q)).

(¢) U, — Uy strongly in L?(Q7).

(d) U, — Uy strongly in C([0, T1]; H-1(Q)).

(e) A, VU, —>A*V UyweaklyinL*(0,T; L2(Q)"),

where Uy is the unique weak solution of

aU, . 0 U,
na,d—;—dw(A*VUo) o = =Nofy in QT,

Uy=0 onIouly)x(,T), (5.1
Up(%,2,0) =h, in Q.

Here, the limit coefficient A* is given by

}’]w()AC, t)In—l _kanw(ks t) >
(5.2)

A R, z,t,0) 1= <—ZVM&;(>AC £y 1422 | Vyn, |2

New

Proof. From the estimate (4.4), the sequence of weak solutions {U.} is uniformly bounded in both W and
L>(0, T; L>(2)). Hence, there exist a Uy € W L®(0, T; L*>(Q2)) and a subsequence of € (not relabeled) such that the
weak convergence (a) and the weak-* convergence (b) are satisfied. Since W is compactly embedded in L?(QT)
(Aubin-Lions-Simon lemma), we get the strong convergence (c) for the same subsequence. Again using the
Aubin-Lions-Simon lemma for the case p = o0, the space

{(ve L®©, T;L*(Q))| % e L*0, T; H'(Q)}

is compactly embedded in C([0, T]; H~1(Q)). Hence, for the same subsequence, the convergence (d) holds true.
Further, [|A: VU |20, < C, and hence, again there exist a subsequence of £ (not relabeled) and a &' €

L* (0, T; L*(Q)") such that A, VU, — £ (up to subsequence) weakly in L? (0, T; L*(Q)"). Thus, for every v € H}(Q),

. (o U,
/nwf,?vdx= 11m/r]w,efévdx =lim | AVU, - Vvdx - lim floe 0%
Q =0 Q =0 Q at (32

/5 Vodx — / Mo 6U00Z
0 ’

for almost all w € O. In the last limit of the first line, we have used the weak convergence of 0U,/0z and the strong
convergence of 97, ./dt. Our main job is to identify &' in terms of U, such that (5.3) is satisfied. To do this, we define
the functions w;(x) = x - e; for 1 <j < n, and hence, Vw; = e;. Foreach1 < j <n -1,

on oMe (% 4 X .
Agej = <;7w,5ej —za—xjen -3 ayj 6 -t and Vﬁl’]l E,t,a} —_ Mvﬁ’h,w(t) = On—la

(5.3)

we get A.e; —~* A*e; weak-*in L2 (0, T; L®(Q)"). Foreach 1 < j <n—1andv € Hy(Q),

0
[ AV, Vvdx= | Ace; Vv = nm dx Moe OV 1
/ 7 ax/ az
=_/a77w£ / Vlwe (54)
Q

=0,
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where the second last equality followed by integration by parts and the fact that ¢ vanishes on the boundary 'y UT;.
Using the weak-* convergence A.e; = A*e; in L% (0, T; L®(Q)"), we get

/QA*ej ‘Vvdx=0 Vv & HyQ). (5.5)
In particular, using v = U, ¢ for arbitrary v € C(Q) as a test function in (5.4), we get
0= /Q(Agej VU pdx + /Q(Agej - Vo)U., dx.
Since A, is symmetric and U, — U, strongly in L*(QT) (q.v.(c)), passing the limit in the above equation to get

/(ej ~Epdx = —/(A*ej -Vo)Updx = /(A*ej -VUp)gpdx,
Q o Q

where the last equality follows from (5.5) with test function v = Uyg. Therefore, we obtain &, - e; = A*VUj - e; for
1<j<n-1.

It remains to show that & - e, = A*VUj - e,. For each w;(x) = x - e;, using v = #5,¢w; as test function in (5.3), we
obtain

one, 0U,
/ w2 fryow; dx = / [ - Vo) lw; dx + / (o - € o dx — / 000, o dx. (5.6)
Q Q Q o Ot 02

Taking v, = A, VU, - e; in Lemma 4.1 (ii) yields 7, .A. VU, = 5, in L? (0, T; L*(Q)"). Thus, using v = 7,,. pw; as
test function in Definition 4.1(a),

/rlczu,sfé(pwjdx =/[77w,£AEVU5 : ej](pdx + /[ASVUE : V(ﬂw(P)]W/dx
Q Q Q

+/ [ASVU5~VSJ71,0, <’—‘,t>]wj<pdx
Q E

X ONw,e AU,
+e/ [A: VU, - Vol ne )—C,t wjdx—/z o, ——No,e @W; dX.
Q E Q dt aZ

Taking both side limit as £ — 0 and using weak convergence of #,, . A, V U, and A, V U,, we get

/ﬂifn(pwjdX=/[nw§o-ej](pdx+/[§o-V(nw(p)]wjdx
Q Q Q
. X oM, OU
+£1_1;T(1)‘/Q |:A5VUE . Vs’h (g,a), t)] wj(pdx— A/QZF()—ZOI’]w@WjdX

Using the identity (5.6) and the above equality, we obtain

lim [AEVUE Vsm (’—C,
Q &

=0

, t>] wipdx =0 forall ¢ € CZ(Q).

Since CX(Q) is dense in L3(Q), we have

lim [AEVUE Vym <’-‘,
Q &

-0

o, t>] w;pdx =0 Vo € L*(Q). (5.7)
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The nth component of A, V U, denoted as & = A VU - e, and hence, 7,&' — & weakly in L(Q"). Moreover,
Nw.eEF can be written as

. oU, %
Noele = VU - nuA"e, — €2m o Vs Ue - Vit + Zza_zvfcnw -Vym <2’“)’ t>

X
€

+2zZA. VU, - Vg ( , W, t) .
For any ¢ € C*(Q),

/nmég(pdx: lin(l)/nw,eéi‘(pdx
Q eV Jo

= 1im/ [VUE'nwA*en]qodx+lirr(1)s/ [~zm Vi Ue - Vin,] @dx
Q &P Ja

e—0

. U, %
+1lim [ Z? % [Vgnmvﬁm <§wt>] @dx

-0 Q

2~

+lim [ A, VU. - Vi <J—C,a), t> zpdx.
&

-0 Q

Second term on the right hand side is zero, and from (5.7), the last term on the right hand side is also zero for the
case j = n. Further, using n,pA*e, € L? (O, T; LZ(Q)”) as test function for weak convergence of VU, and integration
by parts in third integral, we have

P 2
/nwégqodxz/(VUo-na,A*en)(pdx—lim/UE [vfc%.vMl <?_‘,w, t)] 9P g
Q Q =0 Jo 3 0z

From the strong convergence of Uy, it is easy to see that ‘)(Z—ZZ‘”) Zix U, — a(z—:") % Uy strongly in L2(QT) and the fact that

‘;—';1_ — 0 weakly in L?(QT) (Birkhoff Ergodic theorem); thus, last term on RHS above identity is equal to zero. Hence,

/nwégq)dx = /(nwA*VUQ -ep)pdx forall ¢ € CZ(Q).
Q Q

Therefore, we have identified &} in terms of Uy, and it is given by &5 = A*VU, - e,. Hence, for almost all € O, we
have

A VU, = A*VUyin L*(0,T; L*(Q)"). (5.8)

Now, we identified & = A* VU, and hence, the integral identity (5.3) becomes

U, 0Ny OU
—O,nm(p +/A*VU0.V(pdx—/z—’1 —Ocl)dx:/nwfn(pdx, (5.9)
ot a o Ot 0z o

forall p € H(l)(Q). The above equation is nothing but the weak formulation of (5.1).

Next, we want to show that Uy(-,0) = h(-) in L?(Q). For this, we choose ¢ € H(I)(Q) and y € C*([0, T]) such that
w(0) = 1 and w(T) = 0. Multiplying y on both side of Definition 4.1(a) with ¢ as test function and integrate over the
time variable, we obtain

d
/fg(pq/dxdt+t//(0)/h£(pdx=—/ d—ut/(pUdedt+ (A VU, - Vo) dxdt
QT Q T QT

OMw,e OU,
- — — @y dxdt,
/ ZTor oz Y
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where we used the integration by parts for functions in W with respect to the time variable. Taking limit, as ¢ — 0,
both sides and using the convergences proved in the previous step, we get

/f”(pwdxdt+/hn(pdx=— d_"’(pUdedt+/ (A*VU, - Vo) wdxdt
QT Q QT dt QT

dnm 0U0
_ [ %% b dxd.
/QTZ o oz v

By the integration by parts with respect to the t variable, we obtain

T
/f,,(pwdxdt+/h,1(pdx=/ <@,(p>wdt—/Uo(x, Ty (T)dx
QT Q 0 dt Q

+/Uo(X,0)(P(X)l//(O)dx+/ (A*VU, - Vo) wdxdt
Q QT

ar]w aUO
_ [ %20 dxdt..
/QTZ or a2 Y

Multiply our choice of y both side of (5.9) and integrate over (0, T), we get
/ Up(x, 0)p(x)dx = / hy,(X)@(x)dx, Yo € Hy(Q),
Q Q

where we have used the fact that y satisfies w(0) = 1 and y(T) = 0. Thus, Uy(-, 0) = h,(-) in L*(Q) by the density of
Hy(Q) in LA(Q).

To complete the proof, it remains to show that A* is uniformly elliptic. Again using the Schur complement of #,,I,,—;
in A* and Aitken block-diagonalisation formula, one can show that (the followings lines below 4.3 for A, replaced by
A*) there exists positive constants a* and pa* such that

a?[E]? S ARzt ) - &, |A* (%, 2, 1, 0)¢| < pa” |¢] a.e. V& e R™. (5.10)

Further, due to the uniqueness of solution of (5.1), the convergences in Theorem 5.1(a)—(e) are valid for the entire
sequence. O

Remark 1. We emphasize that the solution Uy identified as the solution of u with the coordinate transformation 7, ,

(;_l:(je’ Xm t, w) - Au(—%, Xn, t9 w) = f(jz’x”’ t) in Qz:”’
uR, nyX, 0, t,w) = 0 on X, UTox (0. ),
Ll()?:, Xn, 0, w) = h-(-i.’ x”l) in ng’

where Q,fw, Qf,w, Ffb, Z,{u are defined by replacing #,, . With 7, in Section 2. Notice that this problem also depends on
an event w € O. In particular, we can choose 7, to be a deterministic function (q.v. Figure 2), and hence, the limit
problem is deterministic.

6 | CORRECTOR RESULTS

We know that problems with homogeneous Dirichlet boundary condition on time independent oscillating boundary, the
strong convergence between solutions holds true in homogenization process. It is not clear that whether U, strongly
converges to Uy in L*(0, T; Hé(Q)) in our setting. This is the subject of this section, and we need some more technical result
to prove the strong convergence. Recall that A, VU, — A*VU, in L? (0, T; LZ(Q)”) and the strong convergence of {U,} in
C([0, T1; H~1(Q)). While proving corrector result, we also establish the strong convergence of {U,} in C([0, T]; L?(Q2)). To
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understand the corrector term, for any ¢ € Hé(Q) (in particular Uyp), we need to find the limit of A, V . The matrix A,
can be decomposed as

Noln-1  —2Vsne(%, 1) EMweln-1 -zVm (f, t, w)
— 2 2 o Py
Ae = —2Vsno&, 0 Vel 5 tr 22VenVym <f,t,m)+z2 [Vt Iz(f,t,m)
_Zvﬁnl(;aLW) n

No,e
Again invoking Birkhoff ergodic theorem for the entries of A, along with Lemma 4.1, we get
20
<
AV = A*Vo + ;a_‘g 1V 10|70, €5 (6.1)

Lemma 6.1. For any given k € N, let {®,} CL?(0, T; L>(Q)) and {¥Y.} C L*(0, T; L*(Q)*) be uniformly bounded
sequences in their respective spaces and, for each t € [0, T], set O.(¢) := /Ot deDE(x, 7) - W, (x, 7) dxdr. If O (t) > Oy(t)
converges to some @y € C[0, T] pointwise, then ®, — @y in C[0, T].

The proof of this lemma can be found in Muthukumar et al' and which has been proved by using the Arzela-Ascoli
result.

Corollary 6.1. Let U, and U, be weak solutions of (4.3) and (5.1), respectively. For each t € [0, T], define

t t
O (t) 1= / / Hoe fe(X, S)U, (x, 5)dxds; ©1(F) := / / N (X, $)Up(x, 5) dxds,
0 Q 0 Q

and

" fonee  [U.  oU L [ on Uy U,
Oy, (t) := LU, | = + 25| dxds; 0, :=/ /—‘”U [—+z—] dxds.
2,5() A '/Q at 5[2 ()Z] 2() o o at 0 P ()Z

Then for almost all w € O,

a. 0;.—0;inC(0,T]), and
b. @2,5 —>®2 in C([O, T])

Proof.

(a) From Lemma 4.2(i) and Theorem 5.1(b), the functions ®,=f, and ¥, = #,U. satisfy the hypotheses of
Lemma 6.1 for k = 1. Thus, ©; . — 0, uniformly in C([0, T]).

~ X
!ﬁ\
4“\

Q’&

FIGURE 2 Slice of the evolving
Iy =Y x {0} domain with boundary
=6+ ’g‘ sin(2z%)) at time ¢
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a';‘:* U, satisfy the hypotheses of Lemma 6.1 for k = 1, because

an,

2 U, and

i = U, U —
(b) The functions ®, = SR and ¥, = m

% + Zd; < converges to ‘% Uy and % + zdd—sz", strongly and weakly, respectively. Hence, we conclude that ®, . — ©,
in C([0, T]).
in ([0, T)) -
Let us define the following energy functions associated with the systems (4.3) and (5.1).
t
D E) :=1/ | Ue(x, £) | * 11 dX + / /Ag(x, S)VU,(x,s) - VU (x, s)dxds
2 Q 0 Q (6 2)

t
iiy E(@) :=%/|U0(x, t)|2r/wdx+/ /A*(x,s)VUO(x,s).VUO(x,s)dxds.
Q 0 Q

We have the following theorem.

Theorem 6.1. Assume that both n and n, satisfy the hypothesis (H1). Let U, and U, be the weak solutions of (4.3)
and (5.1), respectively. Then for almost all w € O, E, — E in C[0, T].

Proof. Foranyve Wand y € W(T""! x (0, T)), we have the following identity:

d 2 dv 201//
— dx=2(—, —dx.
dt/QWI v <dt "”’>+/Q|v| ot

In particular, the above identity holds true for both the cases v = U,y = ., and v = Uy, w = . Using U, and U,
as a test function in Definition 4.1(a) and (5.9), respectively, along with the above identity, and then integrating over
Q' :=Q x(0,1), we obtain

1 N
Ea(t) = E/ |h5 Izrlw,e(xv O)dx + ®1,£(t) - ®2,£(t)
Q

and
B =1 / [y | 210 (%, 0) dx + ©1(8) — (0.
Q

From Corollary 6.1, it is enough to show that the first term on the right hand side of E. converges to that of E
because both are independent of time variable ¢. By Lemma 4.2(ii) and Lemma 4.1(ii), we get % fg | e | *Hee (X, 0)dx —

g Jo |y 1 210(%, 0)dx in C([0, T). O

Lemma 6.2. Let us assume that n and n, satisfy (H1). Also, let U, and Uy be the unique weak solution of (4.3) and (5.1),
respectively. For any ¢ € C*([0, T]; C*(£2)), for almost all w € O, we define

P .
Fe (x,t) i= AL—(I)Vsm )—C,t,w .
b n&, w,t) 0z £

Further, for each t € [0, T], let

€ ._l _ 2 ! _ _ e . _ Iy a2
NORES: /Q |Ue(t) = () e cix + /O /QAe(VUs Vo7, ) (VU= Vo -7, ) dxds

and
t
Ipo(t) 1= %/ | Uo() — ¢(t)|2nde+/ /A* (VUy = V@) - (VU — V@) dxds.
Q o Jo

Then for almost allw € O, I, | converges 10 Iy, , in clo, T].
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Proof. The corrector term is motivated by the convergence (6.1) and by the following observation:

e O % —z2op\"
Agr;}ﬂ):(ﬁ_(pvpmw )_c7t>,_z_(p
X No 0% € No 0%

(6.3)
L _Zoe Vst o|[rsper €n  weaklyin L2 (0, T;L2()")
Mo 0Z IMLo||[2(Tn-1) €n y > L3 >
where we have used (3.1) and the Birkhoff ergodic theorem for | V7, | (f, t>. Note that I 5) , can rewritten as
(3 1 £ £
I, (O = Ec(D) + 5/ | () | * e dx — /Ue(t)¢(t)nw,£ dx + o7 (8) — o5(b),
Q Q
where E, is defined in (6.2) and
t
oi(f) = / /Ag (v¢ + r;w) : (v¢ + P;w> dxds
o Jo ’ ’
t
o5(8) =2/ /AEVUE : <V¢+F;w) dxds
o Jo ’
By Theorem 6.1, E, uniformly converges to E in [0, T], where E(t) is defined as in (6.2). For each t € [0, T,
1 €Ml
> /Id)(l‘)lznm,gdx— / |¢(t)|2nmdx‘ < u/ |p(6) |2 dx
21/a Q 2 Q
and
| [ U0p0mcdx— | Usopomadxl < Inallal [ U015~ [ Do)
Q Q Q Q
+ellmalal [ U0
Q
Aol | Ue () — Uo(t)”H—l(Q)||¢(t)||H3(Q)
+ €llm.ollo lUe Ol 2@ 1P| 22)-
Taking supremum over [0, T| of the above two inequalities and then pass to the limit £ — 0, we obtain
.1
i 3| [ 160Pnedc= [ 1g01ad <o (6.4)
=021 /g Q Clo.T]
and
hm ‘/U P, dx /U0¢’7wdx < ||’7a>||oo||¢||C([0,T];H3(Q)) hl% |1U: - UO“C([O,T];H-l(Q))-
Q Clo,T) e
From Theorem 5.1(d) U, — Uy in C([0, T]; H~1(Q)), we have
hm H/U Pl dx — /U0¢'7w =0. (6.5)
clo.7]

Next we shall show that the uniform convergence of {7 }. For each fixed ¢ € [0, T1,

hmal(t)—hm/ /A Vg - V¢dxds+2hm/ /A 7-’5 V¢dxds+hm/ /|7:'E(,,| dxds.
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Using the weak convergence (6.1) of A, V ¢ in the first term on the right hand side and the weak convergence (6.3) of
AJ’;@ in the second term on the right hand side, we obtain

o1(t) := lim af(t)

0
/ / [A*V(ﬁ + — & ¢ ”vyrllw”Lz(Tn 1)en] - Vpdxds

_2/ / |:]1 0z ” y"llw”LZ(Tn 1)en] Vq,’)dxds+hm/ /l]:‘e | dxds.

Again invoking the Birkhoff ergodic theorem for | V71 |2 (X/e, t, @), limit of the last term can be identified as

" [ (09 [
Z Z
/0 /Q; <a_z> ynlw”Lz(Tn ) dxds = / / [ ||Vymw||L2(T,, 1y en] -Vodxds.

Thus, lim,_o0t(f) = o1(f) = fot JoA* V¢ - V. For the choice of ®, = A, <V<;b + 7’;@) and ¥, = V¢ +F;  with above
pointwise limit satisfy the hypotheses of Lemma 6.1 with k = n, we obtain the uniform convergence

lim ||o} —

-0

01 ”C[O,T] =0. (6.6)

Finally, using (5.7) for j = n, ¢ = d¢/0z and the weak convergence of A, V U, (q.v. Theorem 5.1e), for each fixed
tel0, T):

oy(t) := lirr(l)az(t) = hm/ /A VU, - qudxds+hm/ /A VU, - T’;’wdxds

(6.7)
=/ /A*VUO - Vedxds.
0o Ja
Again invoking Lemma 6.1 for the choice ®, = A, VU, and ¥, = V¢ + F; » With k=n, we get
1133 [lo5 - ‘72||C[0,T1 =0. (6.8)

Using the convergences (6.4)—(6.8) and taking into account of Theorem 6.1, we conclude that Ig ,, uniformly con-
verges to the sum of the limits obtained in (6.4)-(6.8). Moreover, the sum is exactly I, ,, and hence we obtain the
uniform convergence of Iy | — Iy, in [0, T. O

Now, we prove an important result which is the key step to obtain the corrector result.

Lemma 6.3. Assume that n and n, satisfy the hypothesis (H1). Let U, be the unique solution of (4.3). Then, almost all
o € O it holds that for every 6 > 0, there exist a ¢ps € C=([0, T]; C® (L)), a positive constant C and N5 € N such that

< C6? forall € < 1

1 2 £
4 Ve = bsllc o rypae) + HVUE ~VP = Th0 L20.TH{L2@)]") N5’

550
where a > 0 is the ellipticity constant of Ac and F; (x,f,w) 1= = p Vsnl ( t, a))
57 o

Proof. According to Proposition 3.60 on Cioranescu and Donato,’ the space C®([0,T];C® (2)) is dense in
L*(0, T; Hy(2)) N C([0, T]; L*(Q)). For any given 6 > 0, there exists ¢s € C*([0, T]; C (Q)) such that

1Uo = @sllco,mizz) < 6 and  ||VUy — Vsl i@ < (6.9)

5
2/p*

where g* is uniform bound of A* and is given in (5.10).
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Using uniform lower bound of #,, . and the uniform ellipticity of A, in I ; > foreach t€[0, T], we obtain
55

ds<If (1),

1 ) t . 2
Z ”Ug(t) - ¢5([)”L2(Q) + a/O ||V[]E — Vés - F¢6’w| [L2(Q)]"

where I; (t) is defined in Lemma 6.2 for the choice ¢ = ¢;. Taking supremum over [0, T] on both sides of above
5.0
inequality, we get

5.0

a “VUE —Veps — T

L2(0,T;L2(Q)")
(6.10)

1 2 3
+7 10e = sl oo 1100 < I¢h~,w”cm,ﬂ

<, = Plico + 1P llcio.m,

where Iy, ,,(¢) is defined in Lemma 6.2 for the choice ¢ = ¢s. From the uniform convergence of I, to I, ., in [0, T]
55

(q.v. Lemma 6.2 for ¢ = ¢b5), for the chosen 6 > 0, there exists a N5 € N such that, for all £ < %,

3

IE

2
b5 I"’é""”cm,ﬂ <o (6.11)

Now, we estimate the last term I, ., on the RHS of (6.10). Using uniform upper bound of #,, . and the uniform
bound of A* in I, ,,, and then taking supremum over [0, T], we get

2 2
”I¢5,w”C[O,T]) < ” UO - ¢5||C([O’T];L2(Q)) + ﬂ*”V(UO - ¢5)||L20,T;L2(Q)"

(6.12)
< 62 + pr6* < 2006%
where ¢y := max{1, f*}. Using the estimates (6.11) and (6.12) in (6.10), we obtain, for all £ < %
1mf— 12 +allvu, - ves -7 | < C8?
4" "¢ Psllcqorysne, + @ € ¢~ Fg0 2(0,T;L2( Q) ~
where C := max{1, 2¢q}. O

The weak convergence of U, to U, in W implies its weak convergence in L*(0, T; Hé(Q)) and, hence, VU, weakly con-
verges to VU, in L?(0, T; L>(Q)"). The following corrector result gives the strong convergence of VU, with appropriate
corrector.

Theorem 6.2. Let us assume that both n and no satisfy (HI1). Let U, and U, be the unique solutions of (4.3) and (5.1),
respectively. Then a.s (i.e., for almost all w € ©)

(@) lim._o||Ue = Uollcqo.r1:22(0) = 0, and
(b) lime—>0 VUE - VU, - E%Vﬂh (;,'>

=0.
N, 0% €

L2(0,T;L2(Q)")

Proof. For any given 6 > 0, there exists ¢5 € C*([0, T], CX(Q) such that the estimate (6.9) is satisfied.

(a) From Lemma 6.3, for the chosen §, there exists a constant ¢; >0 and N5 € N such that

1
I1Ue — @sllcqorrze) < €16 forall e < N

Using these two estimates, we obtain

1Ue = Uollcqo iz < 1Ue = @sllcqo.rizzey + llds — Uollcqo, 2@
<0+ 6 =(c; +1)6,

1
forall e < N
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(b) Again by Lemma 6.3, for the chosen é > 0, the same ¢, positive constant C and N5 € N, we have

2

“VU Vs —

¢a @llL2(0,1:L2 @) —

for all e < I% Let us set FE eI " Vsrhw (:, ) Adding and subtracting V¢s and Ff ,, to the limit in
Theorem 6. 2(b) and then usmg trlangle“mequahty and Young's inequality, we get

1
4 ”VUE ~ Vo L2(0TL2(g)n) = HVU Vés = @||L2(0,T;L2(@))
+ ”V¢5 - VUO ”LZ(O TLZ(Q)")
13 13
+ ”F 0 on’“’ L2(0,T:L2@)) |

The second term in the above 1nequa11ty can be bounded by using the density property (6.9) of the solution U, as

Vs — VU0||LZ(0TL2(Q)") < — 411 — . Hence, we compute
l||VU —vuy-F: | < C+ &+ |75, -7 (6.13)
4 ¢ 0 @llzz(o.mrz@ry ~ 4na* Yoellz(orLz@nr)” .
As a consequence of (6.9), we have
AP dgs U |*
750~ oo < [Pt () s _ 20y
5 L(0.T:L2(Q)") € r=(T1xomy Il 02 92 ll2o.12)
5%
4 ||Vy’71w||Lm(rH~,, 1%(0, T))
Using this in the estimate (6.13), we conclude that there is a positive constant Cy such that, for all € < Ni,
8
2
”VU VU0 = P o o mgpocas < €08
This completes the proof of the corrector result. -
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